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Abstract. Let {X,uj) be a hermitian manifold and let L*^ be a high 
power of a hermitian holomorphic line bundle over X. Local versions 
of Demailly's holomorphic Morse inequalities (that give bounds on the 
dimension of the Dolbeault cohomology groups associated to L'^), are 
presented - after integration they give the usual holomorphic Morse 
inequalities. The local weak inequalities hold on any hermitian manifold 
{X, uj), regardless of compactness and completeness. The proofs, which 
are elementary, are based on a new approach to pointwise Bergman 
kernel estimates, where the kernels are estimated by a model kernel in 
C". 



1. Introduction 

Let X be an n— dimensional (possibly non-compact) complex manifold 
equipped with a hermitian metric two-form, denoted by u. Furthermore, 
let L be a holomorphic line bundle over X. The hermitian fiber metric on 
L will be denoted by 0. In practice, is considered as a collection of local 
functions. Namely, let s be a local holomorphic trivializing section of L, 
then locally, = e~'^^^\ and the canonical curvature two-form of L can 

be expressed as When X is compact Demailly's holomorphic Morse 

inequalities [|] give asymptotic bounds on the dimension of the Dolbeault 
cohomology groups associated to : 

(1.1) dime H'^'iX, L^®E)< A;"tll!i^ f (1^90)" + o(fc"), 

where X{q) is the subset of X where the curvature-two form ddcp has ex- 
actly q negative eigenvalues and n — q positive ones. These are the weak 
holomorphic Morse inequalities - they also have strong counterparts in- 
volving alternating sums of the dimensions. Demailly's inspiration came 
from Witten's analytical proof of the classical Morse inequalities for the 
Betti numbers of a real manifold (l^, where the role of the fiber metric 
is played by a Morse function. Subsequently, proofs based on asymptotic 
estimates of the heat kernel of the d— Laplacian, were given by Demailly, 
Bouche and Bismut (|Q, [|] and [|]). All of these proofs use quite delicate 
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^The normalized curvature two-form -^^ddcj) represents c^(L), the first Chern class of 
L, in real cohomology. 
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analytical arguments - heat kernel estimates and global estimates deduced 
from the Bochner-Kodaira-Nakano identity for non-Kahler manifolds. In 
the present paper it is shown that Demaillys inequalities, may be obtained 
from comparatively elementary considerations. The starting point is the 
formula 



where {"^i} is any orthonormal base for the space of 9— harmonic (0, g)— forms 
with values in L^), when X is compact (this is obvious for the dimension of 
the harmonic space - and by the Hodge theorem the dimensions coincide). 
It is shown that the integrand, called the Bergman kernel function B'l^{x), 
may be asymptotically estimated by a model kernel in C". Integration then 
yields Demailly's weak inequalities and a similar argument gives the strong 
inequalities. The main point of the proof is to first show the correspond- 
ing localization property for the closely related extremal function S'^^(x) 
defined as 



where the supremum is taken over all 9— harmonic (0, g)— forms with values 
in . Since the estimates are purely local, they hold on any (possibly 
non-compact) complex manifold, and yield local weak holomorphic Morse 
inequalities for the corresponding L^— objects. The main inspiration for 
the present paper comes from Berntsson's recent article [||]. 

One final remark: it is fair to say that the formula |l]2| is the starting point 
for the previous writers approaches to Demailly's inequalities, as well. The 
heat kernel approach is based on the observation that the term correspond- 
ing to the zero eigen value in the heat kernel on the diagonal e^'^{x^ x; t) is 
precisely the Bergman kernel function B'l^{x) (if X is compact). Moreover, 
when t tends to infinity the contribution of the the other eigen values tends 
to zero. The main problem, then, is to obtain the asymptotic expression 
for the heat kernel in k and t and investigate the interchanging or the lim- 
its in k and t. The point of the present paper is to work directly with the 
Bergman kernel. 

1.1. Statement of the main result. Recall that the 9— Laplacian is de- 
fined by Ag := dd +d d (where d denotes the formal adjoint of d) and its 
L^— kernel is the space of harmonic (0, g)-forms with values in L^, denoted 
by 7i°''^(X, L'^). By the well-known Hodge theorem this space is isomor- 
phic to the Dolbeault cohomology group ii/^'^(X, L^), when X is compact. 
Now define the Bergman kernel function B'i^[x) and the extremal function 



(1.2) 




X 



(x) ofW{X,L'' 



) by 



Bt{x)■.= J2\'^^i^)\\ Sf{x):=snp 
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where {^E'j} is any orthonormal base in H'^{X,L^) and the supremum is 
taken over all forms in l-i^{X, L^). To define the corresponding "model" 
functions at a point x in X, -B^^" ^'^^ ^xC^i proceed as before, replacing 
the manifold X with C", the base metric in X with the Euclidean metric 
in C" and the fiber metric on L with the fiber metric 0o on the trivial 
line bundle over C"^, where 

n 

0o(^) = \Zif , 

i=l 

and where the curvature two-form 990o in C" is obtained by "freezing" 
the curvature two-form dd<^ on X, at the point x (with respect to on or- 
thonormal frame at Finally, denote by X(g) the subset of X where 
the curvature-two form dd^ has exactly q negative eigenvalues and n — q 
positive ones. Its characteristic function is denoted by Moreover, let 

^(< := Uo<.<.^»- 

The first theorem we shall prove is a local version of Demailly's weak 
holomorphic Morse inequalities. Note that the manifold X is not assumed 
to be compact, neither is there any assumption, e.g. completeness, on the 
hermitian metric uj. 

Theorem 1.1. Let (X, cj) he a hermitian manifold. Then 



limsup ^Bf{x)<Bl^40), limsup,^^f(x)<^,V(0) ' 

k 

and 

Moreover, 




if one of the limits exists. 

This seems to be a new result. The inequality for S'if^{x) generalizes 
results of Bouche [|] and Gillet, Soule, Gromov @, that are non-local and 
concern compact manifolds X. Integration of the inequality for the Bergman 
kernel gives Demailly's weak inequalities |Ll|. 

When X is compact the local Morse inequalities can be extended to an 
asymptotic equality as follows. Let -B<^^ be the Bergman kernel function 
of the space spanned by all the eigenforms of the 9— Laplacian, whose 
eigenvalues are bounded by Uk- 

Theorem 1.2. Let (X, cj) be a compact hermitian manifold. Then 

det^{-dd(f))^ , 



■^Equivalently: the Xi^x are the eigenvalues of the curvature two-form of L with respect 
to on orthonormal frame at x. 



^ 

detu,{-dd(f))^ 



limk--Bf^Jx) = -lx,,, 



4 



ROBERT HERMAN 



for some sequence jjk tending to zero. 

Again, integrating this yields, with the help of a well-known homolog- 
ical algebra argument Demailly's strong holomorphic Morse inequalitie^. 
When the curvature of the line bundle L is strictly positive the asymptotic 
equality holds for the usual Bergman kernel for the space of holomorphic 
sections of L''. This was first proved by Tian [|1^) with a certain control on 
the lower order terms in k. A complete asymptotic expansion was given in 
|[T9| using microlocal analysis. See also [|1^ where the manifold is and 
where the complex structure is non-integrable. 

Remark 1.3. The two theorems have straight forward generalizations to the 
case where the forms take values in ® E, for a given rank r hermitian 
holomorphic vector bundle E over X. The estimate for the extremal func- 
tion S'jl'' is unaltered, while the results for the Bergman kernel function 
B'jl are modified by a factor r in the right hand side. 

Notation 1.4. The notation a ~ {^)b will stand for a = {<)Ckb, where Ck 
tends to one with k. 

1.2. A sketch of the proof of the local weak holomorphic Morse 
inequalities. First we we will show how to obtain the estimate 

(1.3) limsupA;-"^^'=(x) < S^c"(0) 

k 

By definition, there is a unit norm sequence ctfc of harmonic forms with 
values in L'' such that 

limsup /c~"S'^'^(x) = limsup/c~" |Q;fc(x)|^ 

k k 

Now consider the restriction of the the form ak{x) to a ball 5/?^. with center 
in the point x and with radius Rk decreasing to zero with k. The main point 
of the proof is that the form is asymptotically harmonic, with respect to 
a model fiber metric, on a ball of radius slightly larger than ^ and is then 
a candidate for the corresponding model extremal function. Indeed, we can 
arrange that the fiber metric kcp on the line bundle L*^ can be written as 

k(P{z) = k{Y.ti X^\zif + kO{\zf)) 

in local coordinates around x. The form P^''^ := k~^^a''^\ defined on the 
scaled ball 5^^^, where a'^^\z) denotes the (component wise) scaled form 
a(-^), satisfies 

limsup A;-"5'?''=(x) = limsup . 

k k 

^Just as in the papers of Demailly, Bouche and Bismut (|^,|@| and |^). In fact, the 
idea of using the "low-energy spectrum" was introduced in Witten's seminal paper ||l7|| . 
A similar technique is used in the heat equation proof of Atiyah-Singer's index theorem. 
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Moreover, P^''^ is harmonic with respect to the scaled Laplacian Ai , taken 
with respect to the scaled fiber metric {k(f)Y''^on : 

i=l V K 

The point is that the scaled fiber metric converges to the quadratic model 
fiber metric 0o in C", whith an appropriate choice of the radii Rk- As a con- 
sequence the operator A^'' converges to the model Laplacian A^ ^^^. Stan- 
dard techniques for elliptic operators then yields a subsequence of forms 
converging to a form /3 defined in all of C", which is harmonic with 
respect to the model Laplacian. This means that 



lim sup k 

k 



q,k. 



X] 



proving |T]^. Finally, lemma |2T| , relating S'^'''{x) and the Bergman ker- 



nel function is used to deduce the corresponding estimate for the 

Bergman kernel function. All that remains is to compute the Bergman 
kernel and the extremal function in the model case (section |^). 



2. The Bergman kernel function B{x) and the extremal 

FUNCTION S{x). 



In section |lT| the Bergman kernel function B'jf^ and the extremal function 
5"^ were defined. We will also have use for component versions of Sx ■ For 
a given orthonormal frame in L^) let 



Sx^j{x) := sup 



II l|2 



where ai{x) denotes the component of a along e^. It will be clear from 
the context what frame is being used. These functions are closely related 
according to the following, simple, yet very useful lemma. Its statement 
generalizes a lemma used in (see also [l! 



Lemma 2.1. Let L be a hermitian holomorphic line bundle over X. With 
notation as above 

Sf{x)<Bf{x)<Y,Sti{x) 

I 

Proof. To prove the first inequality in the statement, take any a in 7i°''^(X, L^) 
of unit norm. Since a is contained in an orthonormal base, obviously 
|tt(x)|^ < i?(x), which proves the first inequality. For the second inequal- 
ity, let {^^} be an orthonormal base for n^'i{X,L''), so that Bjl^{x) := 

2 2 ' 

J2i |^*(a;)| = • Fix a J and let Cj := \I/j(x). Then, summing 



6 ROBERT HERMAN 

only over i, gives 



Yl\'^:j{x)\' = j2c.%{x) = aj{x) (ei^^i'' ) 

i i \ i / 



1/2 



where a = % 0/2 lies in T-C^i^X, L^) and is of unit norm. Thus, 

\ 1/2 

Finally, squaring the last relation and summing over J proves the second 
inequality. □ 



3. The Weak Holomorphic Morse Inequalities 

In this section we prove the local version of Demailly's holomorphic Morse 
inequalities over any complex manifold X. The usual version is obtained as 
a corollary. Around each point x in X, fix local complex coordinates {zi} 
and a holomorphic trivializing section s of L such that^ 



^(^) = t Y.i,j hij{z)dzi A dzj, hij{0) = 5^ 

and 



|2 _ p-</'(^) 



where the quadratic part of is denoted by 0o- Note that in the local 
coordinates the base metric u coincides with the Euclidean metric at the 
origin. Moreover, we have the identities, 

^ 1 2 

Kx>^2,x ■ ■ ■ K,xVol(^x,u;) = det^{-dd(t))^Vol(x,u,) = ~\^2^^'^^''' 

The following notation will be useful. Let Br := {z : \z\ < R} in C" and 
let := Using the local chart around x, a (small) ball Br is identified 
with a subset of X. Given a function / on the ball Br^, we define a scaled 
function on 5^^^ by 

f'\z) := /(-^) 

Forms are scaled by scaling the components. Observe that scaling the fiber 
metric on L'^ gives 

(3.1) (^k<pY^)(^,) = j2K\z.f + ^0{\z\') 



i=l 



Hhis is always possible; see [l^ . 
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which motivates the choice of scaling. The radius Rk := ^ has been chosen 

to make sure that the fiber metric on L*^ tends to the quadratic model fiber 
metric 0o with all derivatives on scaled balls, i.e. 



(3.2) sup |9"((fc0)('^)-0o)WHO, 

\z\<VkRk 

where the convergence is of the order ^ to some power, which follows 

immediately from the expansion |3]l|. Moreover, y/kRk tends to infinity, so 
that the sequence of scaled balls B^^^ exhausts C". Let us denote by 
the Laplacian, taken with respect to the scaled fiber metric {kcpY''^ and the 
scaled base metric uj^''\ One can check that 

(3.3) Afa = l{A^af\ 

Hence, if a'^ is a form with values in L^, which is harmonic with respect to 
the global Laplacian, i.e Aga*^ = 0, then the scaled form a^'^^ satifies 

Aj^aW = 0, 

on the scaled ball B^^^. Moreover, because of the convergence property 
~2| it is not hard to check that 



(3.4) Af) = Ag + efcl^fc, 

where is a second order partial differential operator with bounded vari- 
able coeffiecients on the scaled ball B^^^ and is a sequence tending to 
zero with k (in fact, all the derivatives of the coefficients of Vk are uni- 
formly bounded). It also follows from ^]2| that for any form a'^ with values 
in L^, 

(3-5) ll«^L.„-^"1l«^'^lo,v^«,' 

where the factor comes from the change of variables w = ^ m the 
integral. 

The proof of the following lemma is based on standard techniques for 
elliptic operators. 

Lemma 3.1. For each k, suppose that (3'^^^ is a smooth form on the ball 
B^R, such that Af 13^^^^ = 0. Identify (3^''^ with a form in L\^{€^) by 
extending with zero. Then there is constant C independent of k such that 



sup \(3^'\z)\l<CM^' 



zeB 



B2 



Moreover, if the sequence of norms bounded, then there is 

a subsequence of {/?*-'^^} which converges uniformly with all derivatives on 
any ball in C" to a smooth form /3, where (3 is in L^y(C"). 
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Proof. Fix a ball Bji, of radius R in C". By Garding's inequality for the 
elliptic operator (A^^)™, we have the following estimates for the Sobolev 
norm of P^'^^on the ball Br with 2m derivatives in : 



(3.6) ll.«"='llL..„<c« tl'""llL„+ (4"r/''" 



BR,2m - ^"'^ \ 11^ \\B2R 



B2H 



for all positive integers m. Since A^"^ converges to A^^^ on the ball B2 it 
is straight forward to see that Cn^k may be taken to be independent of k. 
Hence, for all positive integers m, 

ll'''"lH.™£C'||/3«')||; 

and the continuous injection L^''^ ^ C°, k > n, provided by the Sobolev 
embedding theorem, proves the first statement in the lemma. To prove the 
second statement assume that H'^^'^'' is uniformly bounded in k. Then 
0| shows that 

Since this holds for any m > 1, Rellich's compactness theorem yields, for 
each R, a subsequence of which converges in all Sobolev spaces 

L^''^(_B/j) for A; > 0. The compact embedding L^''^ > C', k > n + ^l, shows 
that the sequence converges in all C^Bji). Choosing a diagonal sequence, 
with respect to a sequence of balls exhausting C", finishes the proof of the 
lemma. □ 

Before turning to the proof of the local weak holomorphic Morse inequal- 
ities, theorem, we state the following facts about the model case, that will 
be proved in the following section: 



^',C"(0) = 5^,c40) = ^lx(,)(x) 



1 



Moreover, suppose that the first q eigenvalues of the quadratic form 0o are 
negative and the rest are positive (which corresponds to the case when x 
is in X{q)). Then 

(3.7) ^|^^^^„(0) = 0, 

unless / = (1, 2, q). 

Theorem 3.2. Let {X,uj) be a hermitian manifold. Then the Bergman 
kernel function B'^^ and the extremal function S'^^of the space of global 
d— harmonic (0, q) forms with values in L^, satisfy 



hmsup.Sf (x) < k-Bl^^O), limsup.^f (x) < k-S^^^O) 



where 



vr' 



1 

det^{-dd(f)). 



and limfc -j^B 



1 R?,*:/ 



limfc ^5'^'^(x) if one of the limits exists. 



X 
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Proof. First we will prove that 

limsupk-"Sf{x) < 5^c"(0) 

k 

By definition, there is a unit norm sequence in H^''^{X, L'') such that 
limsup k~'^Sx^{x) = limsup . 

k k 

Now consider the sequence is a form on the 

ball B^j^ that we identify with a form in L|^(C"), by extending with zero. 
Note that' 

limsup = limsup /c^" ||a;*''^^||^ „ < limsup ||q;j.|| v = 1, 



where we have used the norm localization p.5| . According to the previous 
lemma there is a subsequence of {P^^^^} that converges uniformly with all 
derivatives to /? on any ball in C", where /? is smooth and < 1- Hence, 

we have that = 0, which follows from the expansion showing 

that 



limsupA;-"^«'^(x) = \im\p^^^\0)\ 



< 



Moreover, by proposition 4.3, 



qq 



(0) = i?,V(0) = -lx(,)(a:) 



det^{-dd(f)). 



Lemma [2rT|, then shows that limfc_B^''(x) 



outside the set X{q). 



Next, if X is in X{q) we may assume that Ai up to Xq are the negative 
eigenvalues. By we then have that = if / 7^ (1, 2, g). We deduce 
that for I ^ (l,2,...,g) : 

limfc-"^J^'^(0) = limA;-" a^^.(O) ^ = \(3\0)\^ = 0. 
This proves that 

limfc-"5^^'^(0) =0, 
if J 7^ (1, 2, g). Finally, lemma |2]l| shows that 

limsup < + + ... + ^^c"(0) = 5^cn(0), 

k 

which finishes the proof of the theorem. □ 
As a corollary we obtain Demailly's weak holomorphic Morse inequalities: 
Corollary 3.3. Suppose that X is compact. Then 



6:imcH^\X,L'')<¥- 



['^-dd(t)T + o{¥' 
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Proof. Let us first show that the sequence k~'^S'l^{x) is dominated by a 
constant if X is compact. Since X is compact it is enough to prove this for 
a sufficintly small neighbourhood of a fixed point Xq. Now, for a given form 
ak in H°''?(X,L'= 

in Xq. Using Garding's inequality 



consider its restriction to a ball of radius ^ with center 



as in lemma 3.1, we see that there is 



a constant C(xo), depending continuosly on Xq such that 



\oik{xo)f' < C{xq) \\a 



{k)\ 



,Bi 



for k larger than ko{xo), say. Morever, we may assume that the same koi^xo) 
works for all x sufficiently close to Xq. Using the norm localization we 
get that 

/c-n |afc(a;o)|^ < 2C{xo) \\a'' 

for k larger than ki{xo) and the same ki works for all x sufficiently close to 
Xq. This proves that k~"-S'i^{x) is dominated by a constant if X is compact. 



.,fc||2 
\x 



By and the fact that X has finite volume, this means that the sequence 
k~"'B'jf^{x) is dominated by an L^— function. Finally, the Hodge theorem 
shows that 

lim sup dime k-'^H^'^X, L^) = lim sup [ k-'^Bf 

k k Jx 



and Fatou's lemma yields, since the sequence k "■Bjf^ is L^— dominated 



/ 



limsnp k-'^Bf < 



where we have used the previous theorem and the fact that 



det^{-dd(j)). 



Vol 



X 



on X{q). 



□ 



Remark 3.4. If there is no point where the curvature two-form is non- 
degenerate and has exactly one negative eigenvalue, then Demailly observed 
(see 0) that combining his weak inequalities with their strong counterparts, 
gives that 

dimcifJ^(X,L'=) = rty!i- / ddd<pr + o{k^). 



X(0) 



Now, if one also uses theorem |l.lp| one gets the following asymptotic ex- 
pression for the Bergman kernel function: 



1 



^Only the case when g = is needed. This case is considerably more elementary 
than the other cases. Indeed, all sections are holomorphic (independently of k) and one 
can use the submean inequality for holomorphic functions, without invoking the scaled 
Laplacian. 
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almost everywhere on the part of X where the curvature two- form is strictly 
positive (on the complement the limit is zero). This seems to be a new 
result. In case L is stricly positive on all of X a complete asymptotic 
expansion of ^^'^ is known (||l9l). 

4. The model case 

In this section we will be concerned with C" with its standard metric. 
Any smooth function (p defines a hermitian metric on the trivial line bundle 
and associated bundles, via |1|^ {z) = e~'^^^\ Explicitly, this means that if 
Q,o,q _ fidz^ is a (0, g)— form on , then 

I 

The standard differential operators on smooth functions are extended to 
operators on forms, by letting them act componentwise. We denote by ^ 
the formal adjoint of ^ with respect to the norm induced by 0. A partial 
integration shows that 

Q * ^ d ^ d 



The following classical commutation relations (||TT1) are essential for what 
follows: 

(4 2) 

dzi dz~ dzj dzi ^'^^ 

In this section (p = (po := Ym^=i -^i > that the right hand side simplifies 
to 6ijXii. 

The next lemma gives an explicit expression for A^^^, that will enable 
us to compute the model Bergman kernel function. 

Lemma 4.1. We have that 

with respect to the fiber metric 0o on the trivial line bundle. 

Proof. All adjoints and formal adjoints are taken with respect to 0o- The 
following notation will be used. We let dz^ act on forms by wedge multipli- 
cation, and denote the adjoint by dz"* . Then we have the anti-commutation 
relations 

(4.3) dz^dz''* + dz''*dz^ = if z 7^ j 
Also, 

(4.4) (d^'*dz')dz^ =11' ' ^ 'id^d^*)d¥ = I °' ' ^ 
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d can now be expressed as 

i i 

Applying * to this relation immediately yields 

d 



dzi 



E—j — i* 0* 



Now we compute := dd* + d*d : 

dd* + d*d = -^^—dzdz^* + ^—-^dz^*dz\ 
^ azTiOzj ^ 



dzj dzi 



By applying to second term and splitting the sum this equals 

Ed d* -r-i-H.* d* d \r^, d d* d* d -r-H-i-j* 

-^T^dz dz +}^T^T^dz dz +} {——- ——)dz dz . 



dZj dZj 



...'dzl dzj 



dzj dzj,' 



According to the commutation relation [4^ the second sum vanishes and 
finally gives that 



[dd* +d*d){fd-z') = 



d_d_ 

dzj dzl 



9 



dzi dzj ' 



□ 



In order to be able to integrate partially in C" without getting boundary 
terms, the following lemma is useful. See ||10| for a slightly more general 
proof. The point is to choose Xr{z) = where x is a smooth 

compact supported function, that equals 1 on the unit ball, say. 

Lemma 4.2. There is an exhaustion sequence Xr such that for any smooth 
function f and smooth (0,g)— form a with /, a and {d + d )a in 

2 



lim (AgO;, Xrc^) = {d + d )a 

R 



lim/^ ^f,XRf 

ti \ OZi UZi 



ozTi 



and similarly for 



dzl J 



Next, we turn to the Bergman kernel function -B^^ c"(^) extremal 
function S^^^^n{z). They are defined as in section || but with respect to the 
space 7^J^''(C") of all (0, g)-forms in C", that are 9— harmonic with respect 
to the fiber metric 0o and have finite norm with respect to 0o- Note that 
with notation as in section pTl] , 

if (f){z) = (f)o{z) + 0{\zf) is the local expression of the fiber metric of L at 
the point x in X. 
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The proof of the following proposition is based on a reduction to the case 
when q = and we are considering holomorphic functions in the so called 
Fock space. Then it is well-known that 



(4.5) 



S^n{0) — — |Ai| IA2I ■ ■ ■ |A„| . 



IT'' 



Indeed, if / is holomorphic, then \ ff is subharmonic. Hence, 



(4.6) 



where Ar is a polydisc of radius R and where we have used that 0o is radial 
in each variable. Letting R tend to infinity, shows for S'^„(0). 

Proposition 4.3. Assume that q of the numbers Aj are negative and the 
rest are positive. Then 

1 



Ar 



'(0) = 5Lc"(0) = -|Ai||A2| 
Otherwise there are no d— harmonic {0, q)— forms in L'^^^{C-^ 

B140) = = 0. 

With notation as in section this means that 



I.e. 



1 



(x) 



1 

det^{-dd4>)^ 



00^ 



Proof Suppose that = fjdz^, a^'" G L 
Then (A^a°'9, Xi?«°''')</,o = and we get that 

J2 i^ifi, XRfi)^, = 0. 



and A 



d,<j>o 



a 



0,9 



Letting R 00 and using lemma |4^ shows that 



(4.7) 



9*00 



9zi 



fl 



o,iel 



4>Q 
2 



-Jl 



0,ieP 



00 



Let Fi{() := e Sie/^ikil f^^ where Q = Zi if i e I and Q = Zi if i e I". 
Then |4.7| and [4.1| implies that Fj is holomorphic: 

d 

—Fi = for all i. 

OZi 

Moreover, 

(4.8) \fi\X = \Fi\l^ , $/(^) := l^^l' + E l^^l' • 

Now assume that it is not the case that q of the numbers Aj are negative and 
the rest are positive. Then ^i{z) = Yl^=i M ; with some Af := Af^ < 0. 
By assumption, J \ fif e''^ < 00. Now \i.8\ and Fubini-Tonelli's theorem give 
that 



|F,(0,..,^,„0,..)|5^ e 



'/I "-fl < 00. 
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Since -^=Fi = and Af^ < this forces F/(0, .., Zj^, 0, ..) = and in 

particular //(O) = 0,^hich proves that ^^"(O) = 'S'^„(0) = 0. 

Finally, assume that q of the numbers Aj are negative and the rest are 
positive. We may assume that Ai up to \q are the negative ones. Then the 
same argument as the one above gives that //(O) = if / 7^ Jq := (1, 2, g). 
Now since A[° > for all i we get 



5'^n(0) = sup 



|a;(x)|^ 



sup- 



<t>o 



l//o(^l^ 
|2 

\4>o 



II/. 



sup- 



Jo 



|i^/o(^X 
|2 



A1A2 



A, 



in the last step. Since A, 



lA,; 



this proves the 

<? 



where we have used |4 

statement about ^^^(O). The proof is finished by observing that 5^,1(0) 
-B£.„(0). This follows from lemma [2T], but it is also easy to see directly in 
this special case, since all the components F/ vanish if / 7^ (1, 2, q). □ 



Remark 4.4. The statement |3J also follows from the previous proof. 

A similar argument to the one in the previous proof shows that if dd(l)Q 
is non-degenerate and if it is not the case that q of the numbers Aj are 
negative and n — q o{ the numbers are positive, then there is an apriori 
estimate of the form 



11 < CJ\\daW + 



da'' 



where the norms are taken with respect to 0o- The result appears already 



in Hormander's seminal paper ||lT| and it can be used to give a direct proof 
of the fact that the global Bergman kernel function B'^^ vanishes (modulo 
terms of order o(A;") at a point outside X(g), where the curvature two-form 
is non-degenerate. 



5. The strong holomorphic morse inequalities 



In this section X is assumed to be compact. While the weak holomorphic 
Morse inequalities give estimates on individual cohomology groups, their 
strong counter parts say that 

g 



(5.1) 



3=0 



-1 ^ 1 



TT' 



-990)" + o(r). 



Let n\^^{X,L^) denote the space spanned by the eigenforms of whose 
eigenvalues are bounded by Vk and denote by -B<^^ the Bergman kernel 
function of the space ?i<j,^(X, L'^). Extending the previous methods (section 
^ we will show the asymptotic equality 



limA;-"5 



1 

— 1 

TT' 



det^{-dd(j)). 



^this follows for example from the submean inequality 4.6 
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where {uk} is a judicially chosen sequence. From its integrated version 

-1)^ 1 



IT'' 



one can then deduce the strong inequalities ^Tl] as in g. The basic idea is 
as follows. First we obtain an upper bound on the corresponding Bergman 
kernel function, by a direct generalizaton of the harmonic case: the local 
weak Morse inequalities. We just have to make sure that terms of the form 



that A^"* denotes the 9-Laplacian with respect to the scaled metrics on 
the ball B^^^. In fact, for scaling reasons they give contributions which 
are polynomial in^. This dictates the choice Vk = fJ'kk with fik tending to 
zero with k. The last step is to get a lower bound on the spectral density 
function on X{q), which amounts to proving the existence of a unit norm 
sequence {afc} in 7i<^^(X, L'^) with 



which are now non-zero, tend to zero with k. Recall, 



+ o(r ) 



To this end we first take a sequence {o-k} of (0, g)— forms on C", which are 
harmonic with respect to the flat metric and the fiber metric fc0O; having 
the corresponding property. The point is that the mass of these forms 
concentrate around 0, when k tends to infinity. Hence, by cutting down 
their support to small decreasing balls we obtain global forms oik on X, that 
are of unit norm in the limit. Moreover, their Laplacians are "small". By 
cutting the high frequencies, that is projecting on 7i<^^(X, L'^), we finally 
get the sought after sequence. 

We now proceed to carry out the details of the argument sketched above. 

Proposition 5.1. Assume that fik 0. Then the following estimate holds: 



B 



q,k 



'x) < k' 



TC 



det^{-dd(t))^ 



+ o(P). 



Proof. The proof is a simple modification of the proof of the local holo- 
morphic Morse inequalities and in what follows these modifications will be 
presented. The difference is that is in li!tl''^^^{X , L^) and we have to 

make sure that the all terms of the form (aJ ^)"(A;"ta('=)) = {/\f)'^{l3'~''^) 
vanish in the limit. But for any ball i?. 



< k- 



(A- 



i^Y^ik,) 

a ' 



<< k 



— 2m 



II (A; 



m^ 
dJ Oik 



|2 



and the last term is bounded by a sequence tending to zero: 



-2m 



2m 



0, 



Garding's inequality as in 3.6 gives that 



since by assumption ak is of unit norm and in ?i°'^^^(X, L'^) and Hk — ^ 0. 
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I 4>o,B,2,m 



<pQ,B 



which shows that the conclusion of lemma is still valid. Finally, = 
as before and the rest of the argument goes through word by word. □ 

The next lemma provides the sequence that takes the right values at a 
given point x in X{q), with "small" Laplacian, that was referred to in the 
beginning of the section. 

Lemma 5.2. Let c^{x) := ^ \det^{^dd(l))x\ . For any point Xq in X{q) 
there is a sequence {at} such that au is in VP^'^i^X, L^) with 



{i) \ak{x)\^ = k'^c^{x) 
{ii) limfc = 1 

(m) ||fc-'"(A^)'^afcf 



X 







Moreover, there is a sequence 6k , independent of Xq and tending to zero, 
such that 



[IV] 



Proof. We may assume that the first q eigenvalues Xi^^o ^ire negative, while 
the remaining eigenvalues are positive. Define the following form in C" : 



sothatQl/315^ 



|Ai||A2|-|A„|\ 2 



7r" 

A]_ 1 1 A2 I ■■ ■ I An I 



^+EUi>^^h^fdwi A dw2 A ... A dw, 



11 



and = 1- Observe that /? is 



in -Z^^'™, the Sobolev space with m derivatives in L^^, for all m Now define 
ttfc on X by 

ak{z) := k^Xk{Vkz)(3{y/kz), 
where Xk (^) = ) and x is a a smooth function supported on the unit 

ball, which equals one on the ball of radius |. Thus |afc(xo)|^ = k^c^{x), 
showing (i). To see (ii) note that 



(5.2) 



</>o,C" 



and the "tail" \\l3\f^^ >^VkRk ^^^^^ zero, since /? is in L^^(C"') and \/kRk 
tends to infinity. 

Next, we show {iii). Changing variables (proposition p.3|) and using p?4| 
gives 

(5.3) ||fc-(A^)"«,||^ < {A^Y-\^-a,^,+ekVk){xkP))\ ^ , 



compare the proof of proposition 4.3 
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where is a second order PDO, whose coefficients have derivatives that 
are uniformly bounded in k. To see that this tends to zero first observe that 



(5.4) 



tends to zero. Indeed, /3 has been chosen so that Ag _^^/3 = 0. Moreover, 

Aq^^ is the square of the first order operator d+d*''^" , which also annihilates 
P and obeys a Leibniz like rule, showing that 

where 7^ is a form, uniformly bounded in k, and supported outside the ball 
^-VkRk ('^k contains second derivatives of Xk)- Now using |3]^ again we see 
that is bounded by the norm of 

-fkp{w,w)P, 

where p is a polynomial. Thus |5]^ can be estimated by the "tail" of a con- 
vergent integral, as in |0 - the polynomial does not effect the convergence 



- which shows that ^]4| tends to zero. To finish the proof of (iii) it is now 
enough to show that 

is uniformly bounded. As above one sees that the integrand is bounded by 
the norm of 

q{w,w)p, 

for some polynomial q, which is finite as above. 
To prove (iv) observe that, as above, 

2 



1 - -* 
--j={d + d )ak 



X 



(k ^A-Qak^ak) 
Hence, by Leibniz' rule 

{k-^Agak^ak) < {x^rAO + 0*'-''^ 



id + d*^\xVkRkP) 



VkRk 



+ 



c 



VkRk (VkRk) 



ml 



Clearly, there is an expansion for the first order operator (d + d ) 



as m 



{k''^Agak,ak) < Sk 



2n 



+ 



c 



1=1 



{VkRk 



WW"- 



Note that even if ||/?||^ is independent of the eigenvalues Xi^xo^ the norms 
\\diP\\ do depend on the eigenvalues, and hence on the point xq. But the 
dependence amounts to a factor of eigenvalues and since X is compact, we 
deduce that ||(9j/5||^is bounded by a constant independent of the point xq. 
This shows that {k^^Agak, cxk) x ^ ^fc- Note that ek also can be taken to 
be independent of the point Xq, by a similar argument. □ 
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Proposition 5.3. Assume that the sequence Hk is such that /ifc 7^ and 
— — s> 0, where 6k is the sequence appearing in lemma |5. 4 Then, for any 



point X in X(q), the following holds 



TT'' 



1 

det^{-dd(f)).^ 



Proof. Let {ak} be the sequence that lemma |5T2| provides and decompose it 
with respect to the orthogonal decomposition fl^''^{X, L^) = 7i<^^^(X, L^)Q) 
Tiy ^{X, V'), induced by the spectral decomposition of the elliptic opera- 



tor Aq 



Oik = + a2,fc 



First, we prove that 
(5.5) 



limA;-" 

k 



As in the proof of lemma 3.1 we have that 



k- 



< C{x) { k 



a 



(k) 



k- 



Bi 



(A. 



2 



To see that the first term tends to zero, observe that by the spectral de- 
composition of Aq : 



|a2,fc||x < —T (^F«2,fc, a2,k)x < — {k ^Agak, au) ^ < — 

f'k'^ f^k f^k 



Furthermore, the second term also tends to zero: 

2 



k- 



d > "2 



by iiii) in lemma |5.2| . Finally, 

|2 



X 



By t^i^ tends to the limit of " \ak 
according to {i) in lemma |5.2| and lemma |2TI 



' = r"|afc(0)-a2,fe(0)|'. 

which proves the proposition 

□ 



Now we can prove the following asymptotic equality: 
Theorem 5.4. Let {X,uj) be a compact hermitian manifold. Then 



1 

— 1 

TT" 



det^{-dd(f))a; 



for some sequence Hk tending to zero. 



Proof. Let ^k '■= V^k'- The theorem then follows immediately from propo- 
sition |0| and proposition ^]3| if x is in X{q). If x is outside of X{q) then 



the upper bound given by ^TT] shows that lim^ -B<^j.fc 
the proof of the theorem. 



[x) =0, which finishes 

□ 
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